KRONECKER LIMIT FORMULAS AND SCATTERING CONSTANTS FOR 

FERMAT CURVES 
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Abstract. Eisenstein series are real analytic functions which play a central role in spectral 
theory of the hyperbolic Laplacian. Kronecker limit formulas determine their connection to 
modular forms. 

The main result of this work is Theorem 17.21 in which a Kronecker limit formula for a family 
of non-congruence subgroups associated with the Fermat curves is presented. As an application 
we can determine the scattering constants for the Fermat curves in Theorem 18. II 

1. Introduction 

Eisenstein series are real analytic functions which play a central role in spectral theory of the 
hyperbolic Laplacian. They are defined via summing over a cusp of a subgroup of T(l) (see e.g. 
formula (I2.4.2p ). Kronecker limit formulas show that these functions have a strong relation to 
modular forms. The classical Kronecker limit formula for T(l) is 

(1.0.1) 47rlim (E r ^(z,s)--^j = - log ||A(z)|| 2 + 24 - log(47r) + 1 

(calculation similar to |Za| ) where E r ^'(z, s) is the Eisenstein series, A(z) the well known Delta 
function, a modular form for T(l), and || • || 2 the Petersson norm that will be introduced in 
Definition 13.31 

A similar identity holds for subgroups of Aim of this article is to establish such a formula 

for the groups Tjv that are associated with the Fermat curves. The groups Fjv are of particular 
interest, because they are, in most cases (in all but 4), non-congruence subgroups. Since non- 
congruence subgroups are normally much harder to handle, not much is known about them. The 
Fermat curves are an exceptional case due to their regularities and symmetries. We can work 
with them because of their nice description (see lemmas 15.31 and I5.5[) and, in particular, because 
modular forms for Fermat curves were treated. 

The main result of this article is Theorem l7.2l in which a Kronecker limit formula for the Fermat 
curves is presented. As an application we can determine the scattering constants for the Fermat 
curves in Theorem 18.11 

2. Eisenstein series 
Lemma 2.1. We denote by H = {z G C | Im(z) > 0} the upper half plane. The group 

r(l) := SL 2 {Z)/{±\} 
acts on H via fractional linear transformation 

^ {z) = ^Tl for(- b d )eT(l) andzeM. 

We can add a boundary to HI by joining the upper half plane with P : (Q) = Q U oo, the rational 
projective line, and get H := H U P 1 (Q). The action o/T(l) on H can be extended to H by 

{ a c b d )((p.q)) = {ap + bq:cp + dq) for (p : q) G P 1 (Q). 
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Proof: See [Mi]. □ 

At first, fix some notations. Let T C T(l) be a subgroup. The classes of P 1 (Q) with respect to 
the action of F are called cusps of T. We will use the word cusp for a representative of a cusp as 
well. 

Let r C r(l) be a finite index subgroup. For Sj £ P 1 (Q) we will denote by jj a matrix jj £ F(l) 
with jj(po) = Sj. Such a jj always exists. Furthermore, we normalize jj to 



Jbj 

1/y/bJ 



with bj £ N such that o-~ 1 T j a j = ((J})), where Tj := Stabr(5,-). We call bj the width of the 
cusp Sj. 

For subgroups r C V c T(l) a cusp S' k of V decomposes into several cusps {Sj}j^j k of F and 
it holds Ujej fc &j ~ S' k - The cusps Sj are the subcusps of S' k in T. 



Definition 2.2. Let T C r(l) be a finite index subgroup. For each cusp Sj there is a non 



holomorphic Eisenstein series E^(z,s), which for z £ H, s £ C and Re(s) > 1 is defined by the 



convergent series 

(2.2.1) Ej(z,s)= J2 Im(a7V(z)) s . 

<rerj\r 

We state some properties of Eisenstein series. 

Proposition 2.3. The function Ej (z, s) has a meromorphic continuation to the whole s-plane, 
with a simple pole in s = 1 of residue 3/(n ■ [r(l) : T]) = l/(vol(T)). 

Eisenstein series are automorphic forms: For all 7 £ T we have Ej '(7(2), s) = Ej (z, s). They are 
eigenforms for the hyperbolic Laplacian A: 

AEj(z, s) = s(s - l)Ej (z, s). 

Proof: See [Ku] and [Iw2]. □ 

Proposition 2.4. Let V C V c r(l) &e finite index subgroups. Let S' k be a cusp of T' and 
{Sj}j<=j k the subcusps of S' k in T. The widths will be denoted by Wk and bj, respectively. Then we 
have the following relation for Eisenstein series 

(2.4.1) ]T b S jEj(z,s) = w s k El'(z,s). 

Proof: Realizing that 

Im(z) s 



(2.4.2) Ej(z,s)=bJ s 



t cz + d\ 2s ' 

the statement follows by an easy calculation. □ 

Eisenstein series admit a Fourier expansion. There are different normalizations that we can use 
in the expansion. The one below is the most useful for our purpose. 

Proposition 2.5. Eisenstein series admit a Fourier expansion. The Fourier expansion of Ej (z, s) 
at the cusp Sk is given by 



(2.5.1) + JJT^kmi^ 

m#0 °l° k 



' r(s)- 1 y 1/2 K s - 1/2 (2n\m\y/b k )e 2 ™ m */ b « 
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where z = x + iy, T(-) is the Gamma function, K*(-) the modified Bessel function and 

c>0 d mod c 

Proof: Similar to T. Kubota |Ku| . The matrix a k in Kubota's proof has to be replaced by 7^. 

□ 

Remark 2.6. The expansion in Proposition 12.51 refers to the natural cusp width by using 7^ to 
move the cusp. 

A normalization using the matrix Ok (as it is done in [KuJ) would lead to a different expansion, 
which is obtained from Equation (|2.5.1[) by replacing z with b k z. We will call this modified 
expansion the normalized expansion whereas the expansion from Proposition 12.51 is called the 
natural one. 



We will give the following definitions using the normalized expansion. This has the advantage 
of coinciding with the ones in the literature (e.g. |Ku| ) and of being symmetric. 

Definition 2.7. For T C T(l) a subgroup of finite index we define the scattering matrix (for the 
normalized Fourier expansion) to be 



( 1/2 r( 8 -l/2) 1 r 



3,k 



where j and k run over all cusps ofT. 

For all pairs j, k we define the (normalized) scattering constant Cj k to be the constant term at 
s = 1 of the Dirichlet series (3>r)jk(s): 

^ ^-^(^- ^(dI-i) )- 

Remark 2.8. If we take the natural Fourier expansion, see Remark 12.61 as basis to define the 

(natural) scattering matrix and the (natural) scattering constants, they change slightly: 

We get -TjT— instead of ,, } ,. in the scattering matrix. The residue does not change but the 

° bjb k (bjb k ) s o t> 

scattering constants. Luckily, the difference is manageable and we have 
(2.8.1) Cj„ = Cj k + 



' J * 3k vol(T) 



where CE. denotes the scattering constant coming from the constant term in the natural Fourier 



jk 

expansion. 



Later on, for the Kronecker limit formulas, we will need another expansion. From Proposition 
I2~51 follows 

Corollary 2.9. Let T C L(l) be a finite index subgroup, Sj and Sk cusps of T. We have the 
following Fourier expansion 

(2.9.1) lim (Ej( lk z,s ' 



vol{T)(s-l) 



S- h ]L + C r , 121 °g(^) I V 1 r (l) e -^\m\y/b k . 2irmx/b k 



h ° K [r(i):r] n ^ o b 3 b k 

For the Fourier expansions we can get a relation analogous to Equation (|2.4.ip . Here, the 
calculations are more difficult and therefore we start with the preparatory 
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Lemma 2.10. Let T C V C T(l) 6e finite index subgroups, Sj represent a cusp of T as well as 
one ofV, S' k be a cusp of V and {Si}i^i k the subcusps of F such that Ui e i k Si = S' k . By b* we 
denote the widths in T and by u>* the ones in V , respectively. For c G N and an integer m hold 
for the finite sums in the Fourier expansion of the Eisenstein series 

(2.10.1) -£ y: e e e 

(Glfc ci mod d mod ittfcc 

Proof: In |Ku| it is shown that the scattering matrix is symmetric. From that, Proposition 12.41 
and the Fourier expansion of Eisenstein series follows that we have the desired identity for m = 0: 

6, ; ^ E 1 ~ 6 7 - E E 1 ui 7 - E 1 Wo E 1 

^G/fc cZ mod bic l£lk d mod bjC c£ mod tu,-c d mod w k c 

That gives us the number of summands in the double sum on the left in Equation (|2.10.ip com- 
parative to the sum on the right: (sums left) = ■ (sum right). 

There is a well known decomposition of yj~ into double cosets (see |Iwl| slightly modified): 

(2.10.2) 77 1 r 7 , = ^((S f)>uU |J ((l b {))C* d )((l b ?)), 

c>0 d mod bkc 

where the union is taken over all pairs c, d such that there is ( * * d ) £ yj Yyk- Since each d in the 
decomposition determines the upper left entry of the matrix a mod bjC, we get 

(2-10.3) 77 1 r7 fe =^((^)>u|J |J <(^)>U:)<(^)>. 

c>0 a mod 6j c 

Hence, the a"s on the left hand side of Equation (I2.10.1[) correspond to a's in matrices ( a c * d ) . With 
the decomposition (|2.10.3[) . one can show that all a's in the matrices are distinct. 

From ( a c b d ) e 7r lr 7j follows ( a c b d ) e Ik^'lj- Thus, the reduction of a mod Wj creates a 
class in the double coset decomposition of V. Hence, all a's lie in 

A = ja' + nw,j I < a < w 3 c such that 3( a ' c * ) € y~ x Y' < n < — | . 

Since \A\ is just the required number, the whole of A is the set of a's. Now we see that the 
reduction modulo Wj of -2- different a's coincide, the reduction of the corresponding d's likewise. 
Hence, the statement follows. □ 

Now, we can prove 

Proposition 2.11. Let rcfc T(l) be finite index subgroups. Let Sj and Sk be cusps of cusp 
width 6* (in T) and iu* (in V), respectively. Then we have 

(2.H.1) 7^7 E Ef( 71k z,s) = ^Ej'( lk z,s). 

3 7 er\r' w s 

Proof: To understand what happens in the sum, we choose a suitable system of representatives. 
We have 



r'= U U ^ 



IkTk-. 



!~r' s * 0<n<- 



where the first union is taken over representatives for all cusps Si of T that are T'-equivalent to Sk- 
The matrices that occur are all from T(l) with ytk(Sk) = St, Tk, Wk n — r ykT Wk nlk~ 1 ^ Stabr'(Sfc) 
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&ndr Wkn =(l w i n ). Then 



7 er\r' s,~s k <„<A_ 

= E E £j( 7 /(z + ^n),s) 

with 7 ;fc 7 fc = 7; which fulfills 7;(oo) = Si. 

Now, we look at the sum of the Fourier expansions (use Equation (|2.5.ip ~) and we get 



/ 



J2 Ej(^ k z,s)=5 jk¥ ^y' + 
76 r\r' J j 



., _ 1/2 r( s -i/2) bj 

r(s) bjtwjiok 



E c 2s E E 1 

c>0 Si^Sk d mod 6;c 



E E 



r 2s 

/ 



c>0 (i mod bi c 



2tt s 



s-1/2 



E 



D 27rm/(h(/tUfc) 2-Kimx/bi 



•r( S )- 1 2/ 1 / 2 if s _ 1/2 (2^|m|y/6 / ) 

\0<n<i 
\ — ™fc 

On the constant term we can apply Lemma 12.101 For the higher terms we first conclude with 



E < 

0<n<fe 



k if k\m 
elsewise, 



that for many m the coefficient is zero and apply Lemma 12.101 on the remaining ones. If we 
compare the result with the Fourier expansion of Ej (j k z, s) we get the statement. □ 

Similarly, an identity holds for the values in s = 1. 

Corollary 2.12. With the notations from Provosition \2. 1 1\ we have 



(2.12.1) J2 

7 er\r' S v 



1 



vol(T)(s - 1)J s-s-i 



= lim E j (j k z, s) 



vol(T')(s- 1) / 



vol(T 



3. KRONECKER LIMIT FORMULAS 

To establish Kronecker limit formulas we need modular forms. Here, we just give the definitions 
needed. An introduction to modular forms can be found in [MiJ. 

Definition 3.1. We define an action o/T(l) on functions f : H — > C via 

f\ kl {z) = {cz + d)- k f{ 1 z) 1 

where 7 = (" j) G r(i) and k 6Z. This action is called the slash operator of weight k or the k-th 
slash operator. 

Let r C r(l) be a subgroup of finite index, k an integer. A meromorphic function / : H —> C 
behaves automorphically of weight k with respect to T if 



f\ kl {z) = f(z) v 7 e r. 
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Then f\klj(z) is 6j-periodic, i.e. f\k"/j(z + bj) = ,f\klj{z) 1 where bj is the cusp width of Sj. 
Therefore there exists a function g on D \ {0} (the punctured unit disc) such that 

f\kn(z) = g(e 2mz ) ^1 

The function g is meromorphic on D\ {0}, since / is meromorphic. We say that / is meromorphic, 
is holoniorphic in the cusp Sj if g extends meromorphically, holomorphically to 0, respectively. 

Definition 3.2. A holoniorphic function f : H — > C is called modular function with respect to 
r if it behaves automorphically of weight and is meromorphic in all cusps of T; a holomorphic 
function f(z) is called a modular form (of weight k with respect toT) if it behaves automorphically 
of weight k and is holomorphic in all cusps. 

The set of modular forms of weight k with respect to T is denoted by Mk{T), it generates a ring 
graded by the weight. 

Definition 3.3. Let f(z) G M^iT) be a modular form for a finite index subgroup T C T(l). Then 
we define its Petersson norm via 

(3.3.1) \\f(z)\\ 2 :=\f(z)\ 2 Im(z) k . 

Now, we can formulate the Kronecker limit formula: 

Proposition 3.4. Let T C T(l) be a subgroup, Sj a cusp ofT. Suppose there is a modular form 
fj £ Mfc(r) (k £ N), that only vanishes in the cusp Sj. Then there is a constant A 6 M. (depending 
on fj ) such that 

(3A1) ^"i (5 («■ ") - vom \ s - i) ) = - [r ( i) rf] ■ a ^ Wu 2 + A 

Proof: Examine the action of the hyperbolic Laplace operator A = y 2 {^ri + ~§^j on the 

functions 47rlim s ^i (^Ej(z, s) — vo i^)( s -i) ) an< ^ — Il/Jl| 2 - We have for the left side of Equation 
p.4.ip (for the expansion in a cusp Si) 

A | 4?r lim | E^tjiz, s) - ' 
\ s->i V J 

~ r 31og(y) /h 
C » 7r[T(l):T] ^ n{VA)q 

~ [r(l):T]' 

with q = e 27 ™ and z = x + iy, where the formula for the expansion can be found in Corollary 12.9 
On the other side, 

A(-log||/J|| 2 )=A(-log(|/J|V)) 

= - A (log(/J)) - A(log(/f)) - A (log (/)) 




Hence: 



+ + k. 



~ voi(r)(s - 1) ) + [r (i) 7* - — losl1 ^" 2 1 = ° 



12 / 

The spectral decomposition of the Laplacian had been studied, see |Iw2| . for functions that are 
square integrable (the space £,(Yp)). To find out if we can use the result from |Iw2| . we will study 

the behavior of 47rlim s _>i (eJ(z, s) - ^r^ij ) + [r(i)fr]-4 log 1 1 1 1 2 in the CUS P S - For tnat ^ 
we will compare the expansions. We have seen the expansion of the Eisenstein series in a cusp Si 
in Corollary l2~9l The expansion ff\ Sl has the form d rn q zm l hl (l + J2 n d n q zn/b '), with q = e 27r \ 
to € {0, [T(l) : r] ■ yjj} and m = if and only if Sj ^ Si, since fj only vanishes in the cusp Sj 
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and the vanishing order is [T(l) : T] • A (by the theory of modular forms). Therefore, we have 
(z = x + iy) 

logH/.lsJI^log^l/.UJ 2 ) 

= fc-log(y) + 2Relog(/ J | Sl ) 

= k ■ log(y) + 2 Re log U^' 6 ' ^1 + £ d n ^"/ 6 ' U 
= fc • log(y) + 2Relog(d m ) - fy47r£ • [r(l) : T] ■ A 
+ 2 Re log ( 1 + ]T d, i( f J 

V n>0 / 

= fc • log(y) + 2Rclog(d m ) - Jj,47r^ • [T(l) : T] • A + 2 Re ( ^ d„(? z " /61 j , 

( \n>0 J 

where the d n are suitable such that log (l + ^2 n>0 d n q zn ^ b '^ = Yl n >o d n q zn ^ b ' ■ 
Now we can see that the value of 

A, Jim (e*{z,s) - ) + ?F7 ^A T - X log||/ r " 2 

in 5*7 is bounded: 



uoZ(r)(s-i)y [r(i) : r]-^ 



z— Hoo \ s— »1 



lini I 47r lin i ( E * <™ s ) - w ( r)( g -i) ) + [r (i) : r] ■ g log 1,2 



r I i » , 121og(47r) ^ -27rln|-f 2tH^ 

I ^ 7 + [T(l) : r] + Rel ° g ( d ™) + L a " e ' e ' 

+2Re^d n e 2 ™t H 



where 5; was chosen arbitrarily. Therefore, we have 

47rlim IE? (z.s) — ^ ] + _ W ||/ 7 -|| 2 e £(Y r ). 

The spectral decomposition in |Iw2| shows that the kernel of the Laplacian are the constant 
functions. If we take a closer look at the functions involved here, we see that we get a real 
number. □ 



Remark 3.5. The constant A from Proposition 13.41 in Formula (|3.4. 1[) can be calculated by 
comparison of the Fourier expansions. 

It is independent of the cusp Si in which the expansion is taken: To explain this, we may start 
with the functions expanded in oo to see what happens if we pass on to another cusp. Changing 
from oo to the cusp Si means changing z to 7;z, where 7; <E r(l) with r yf 1 Ti~/i = (( J ^ ))• Thus, 
only the parts of the function change that depend on z. These parts coincide for both sides of 
Eg uation 13.4.11 such that their difference stays the same. 
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4. KRONECKER LIMIT FORMULAS FOR T(2) 

The group T(2) C T(l) is a free subgroup of index 6 with two generators 
(4.0.1) 7i :=(&?) and l2 :={\\). 

It has three cusps of width 2 that are (see |Sh|): 

{(p:q)e¥ 1 
(4.0.2) {(pigjeF 1 

{(p:q)eP 1 

thus a system of representatives is {0, 1, oo}. 
We define (with q = e? 7Tlz ): 

9 2 (z)=l[(l~q n f(l + q n - 1/2 " 8 



i, (p,q) = 


(0,1) 


mod 2} 


i, (p,q) = 


(1,1) 


mod 2) 


h(p,q) = 


(1,0) 


mod 2} , 



(4-0.3) A(,) = -i^n(^ 9 

n>l V 



.71-1/2 



q 

v 16 1 11 V 1 + 9™ 

n>l v 

Then # 2 (.z) is a modular form for T(2) of weight 2, the functions A(z) and (1 — X)(z) are modular 
functions for the same group. They have the following divisors 

div6> 2 = l-l, divA = 1 • 0- 1 • oo, div(l - A) = 1 • 1 - 1 • oo. 

(See |Ya . or, for more background information, |Mi| and [EMOT].) 
Hence, the modular forms 

(4.0.4) Go(z) := J^J^f^) 

(4.0.5) Gx{z) ■= 2 (z) 

(4.0.6) G oc (z) := T -1^0 2 (z) 

from M2(r(2)) have divisors 

divG o = l-0, divGi = l-l, divGoo = l-oo. 
Proposition 4.1 (Kronecker limit formula for T(2)). For the group T(2) holds 

pT(2) , . J 



(4.1.1) 47rlim \E\^\z,s) 



1 y ' ' vol(T(2))(s - 1) 

- log \\G 3 (z)\\ 2 + 4 - log(47r) + 1 + 1 log(2)) , 

where j € {0, l,oo} denotes one of the three cusps o/T(2), £^ [z, s) is an Eisenstein series and 
Gj the corresponding modular form from one of the equations (|4.0.4D to (|4.0.6p . 

Proof: We will compare the expansions of both functions involved in the cusp oo. In oo we get 
expansions (with z = x + iy) 

4.1ml [e^\z,s) - itnl(r( ^ (v _ u ) = £ 

and 



7T7 ///./• 



w(r(2))(s - 1) 

log||G,(z)|| 2 = £ 5 ,, m (y) e - 



7 H t i 
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The identity ej tm (y) — gj, m (y) for all m ^ follows from Proposition [331 Therefore, we just have 
to deal with m = 0. The coefficient gj.o(y) can easily be derived from the product description in 
Equations (|4.0.3p and the definition of the Petersson norm (|3.3p . In all three cusps Sj holds 

(4.1.2) g jfi (y) = 5 JOO (2ny - 81og(2)) - 21og(y). 

If we regard the Eisenstein series, we get from Equation (|2.9.ip that 

(4-1.3) e j>0 (y) = S joo 2ny + 4nC^ } - 21og(y). 

The scattering constants for the group T(2) can be calculated with the description of the cusps 
(Equation (|4.0.2p ). either by using results by Huxley [Hu j or directly from the Fourier expansion 
(as it had been done in |Po2| ): One gets 

= hm ( 1 T i/ 2 r(.s-l/2)2 2 --2C(2s-l) 



^iV2-2 s T(s) 2 2s -l ((2s) 2tt(s-1) 

1 /C'(-l) 1 

' " ' - ; - log(47r) + l + -log(2) 



it VC(-l) V ' 6 
= l im fl T i/ 2 r(.s-l/2) 1 C(2s-l) 



i\2 s T(s) 2 2s -l C(2s) 2tt(s-1) 

1 fC'(-l) 11 

' ' -log(47r) + l--log(2) 



7T VC(-l) " y 6 

where the first formula holds when Sj ^ Sk and the second one in case of equality. With this 
information we can compare equations (14.1.21) and (14.1. 3p to obtain the statement. □ 

5. Basics on Fermat curves 
As a projective curve the well known Fermat curve is given by 
Definition 5.1. Let N £ N. The N-th Fermat curve is given by the equation 
(5.1.1) F N : X N + Y N = Z N . 

Lemma 5.2. Consider the map 

(5.2.1) (3 N : F N ^P\ 

(X :Y :Z)i—> (X N : Z N ) 
Its degree is N 2 . It is ramified only above the points 0, 1, oo and the ramification points are 

a, : (0 : C ■ 1) 

(5.2.2) bj := (C j : : 1) 

:= « j : 1 : 0), 

where ( — e 2ni / N is the first primitive N-th root of unity, j <E {0, . . .N — 1} and e — e ni / N . Each 
point has ramification index N . 

Proof: Simple calculation. □ 
There is a subgroup of T(2) given by the monodromy of the cover f3 N with the property 
Tat \ H = Fn(C) \ {ramification points of (3 N }. 
The group can be described as in the following 
Lemma 5.3. The group Tn is the kernel of 

T(2) — ► Z/NZ x Z/JVZ, 

7^(^1(7)^2(7)) modiV, 

where Ri("i) denotes the number of generators 7 i (i € {0, 1} ) for T(2) (see Equation (|4.0.ip ) that 
occur in the word description of 7: 
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Let 7 G r(2) be given via its word in r y 1 and 7 2 as 7 — 11™= l K i' with G Z, /tj G {Tij 72}- 

T7ien 

#1(7) = X! 7 * 1 aric? #2(7) = n- 

Proo/: See (MR]- □ 

Remark 5.4. The subgroup rV from Lemma [5.31 is a non-congruence subgroup for all N but 
1,2,4 and 8 (see [PS]). 

Further facts about Tjv- 

Lemma 5.5. We have IV < r(l), [r(l) : T^] — 6N 2 and the group has 3N cusps, all of same 
width b — 2N . A system of representatives for the cosets \ I\2) is 

(5.5.1) {llll} with a,be 0, ...,N- 1. 
A system of representatives for the cusps is S — Sq U Si U Soq with 

(5.5.2) S = {0, 2, . . . , 2N - 2} , Si = {1, 3, . . . , 2N - 1} , S^ = (J, \,. . . , ^- ~_ 00 



2' 4' ' 27V 



TTie cusps in Si are T (2) -equivalent to i (i G {0, 1, 00} J. 



Proof: The fact that Tjv is normal, the index, the number of cusps and the representatives for 
the cosets follow from the lemmas \5 . 2 1 and I5~3l 

To prove that S contains exactly one representative for all cusps, it is enough to show that 
all elements of S are non-equivalent under T^. Since cusps from different subsets So, Si, Soc are 
non-equivalent under T(2) (see Equation (|4.0.2p ). we have to compare cusps out of the same subset 
only. Hence, we have to express a general matrix that maps cusps out of one subset to each other 
in the generators 7!,7 2 01 F(2) and find out if they are in Tjv- 

This reduces the problem to the examination of the following words, where j and k denote 
cusps from Si, i G {0, l,oo}: 

lik K Tlij witn meZ; Stab r(2) (i) = («;;) ;~fij,jik G T(2) : jij(J) = 7,fc(fc) = i- 

We have kq = 7 2 , K\ = {'72^1 )i K °o = 7i- 111 the cases i — and i = 1 powers of r y 1 do for 7^.,; 
as well as for 7^ and for i = 00 powers of 7 2 . Combined with the fact that the smallest value of 
\m\, for which 7™ or 7™ lie in Tjv, is \m\ = N, we get the result. □ 

There is a 1-1-correspondence between the cusps of Tpj and the ramification points of f3 N that 
can be made explicit. 

Proposition 5.6. A possible identification of ramification points of the Belyi map f3 N (Equation 
(15.2.211 ) and the cusps of the group Tn ( Equation (|5.5.2p ) is 

(0 : (" : 1) < — > 2N- 2n 

(C™:0:1) < — > 2N-2n-l n G {0, . . . , N - 1}. 
(eC":l:0) ^ ^ 

Proof: The situation is the following: 

F N (C) \ {a ,.!>,.<■, \ , ...iV 1 Tjv \H 



P X (C) \ {0, 1, 00} = T(2) \ H 

The lower isomorphism is given via X(x) (see equation (|4.0.3p ; we compose it with an automorphism 
to fix 0, 1, 00). The isomorphism preserves the orientation. 

Via lifting iV-fold circles around and 00 we get the orders of the cusps around (0:1:1) and 
(e:l:0). 
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For (0:1:1) take the path \e 2mNX (A e [0, 1]) on P 1 . One of its lifts on F N under [3 N meets 
all the preimages of the real line that connect the cusp (0:1:1) with the b/s and Cj's (Equation 
(|5.2.2|l ) in the following order: 

(1 : : 1), (e : 1 : 0), (Ov : : 1), (e( N : 1 : 0), . . . , (C^ 1 : : 1), K^ 1 : 1 : 0). 

For oo we can get a corresponding result by lifting 2e 2mNX : 

(1 : : 1), (0 : 1 : 1), (( N : : 1), (0 : : 1), . . . , (C^ 1 : : 1), (0 : C A V 1 : 1). 

A lift of a circle around the cusp Si on the -Fjv side corresponds to the application of a matrix 
Ki, that generates Stabr(2)(Si), on the side of Tn \ H. The quotient Tjv \ H is represented by a 
fundamental domain Fn C H for Tjv- It has a tessellation by fundamental domains of T(2), that 
are triangles with vertices 0, 1 and oo. When «j acts on Fn it interchanges the triangles around 
the cusp Si and we get an order of the cusps as before. 

In the case of we have to take kq = ■y^ 1 to describe a turn in positive direction. Then 
we get 7^"(oo) = ^ r iN-in (t ne equivalence is given via 7^ e Tjv ViV) as well as 

l2 n W = ~^2n+I ~r N 2N - 2n + 1 (via 7 f +n " X tai 1 )""^" e ?N VJV). 
Therefore the order of the cusps around is: 

-ySW^SM^a)^ V), . . .,^ N+l (l),^ N+1 (oo) = 1, oo, 2N-1, 2AT_ 3 , . . .,3, \ 

The stabilizer of oo is generated by Koo = ~fi that turns in negative direction as 2e 2 * lNX does 
seen as a circle around oo. We get an order of cusps around oo: 

1,0, 2iV- l,2iV-2,...,3,2 

The correspondence is not unique because of symmetries. We decide to identify < — > (0:1:1) 
and 1 < — > (1:0:1). Then the other correspondences are fixed and we get the claim. □ 



6. Modular forms for Fermat curves 

The modular function and forms for T(2) are modular function and forms for Tn as well. Based 
on X(z), (1 — X)(z) and 2 (z) (see Equation (|4.0.3p ) we can construct further modular function 
and forms for r^r. 

Lemma 6.1. Let X{z) and (1 — X)(z) the modular functions introduced in Equation (|4.0.3[) . The 
N-th roots 

x := vA y := y/l — X 
exist and they are modular functions for T n • 



Proof: See [R£]. 



□ 
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Lemma 6.2. Remember the cusps dj,bj and cj ofT^ in Lemma \ 5.2l We have the following 
modular functions and forms for T jy with divisors as stated. 



N-l 



div e 2 = Y N b 

3=0 

div x = y aj - y 

3 3 

div y = Yl b i - H 

3 3 

div(x-( j ) = Nbj-Y 

3 

div(y-?) = N aj -Y 

3 

div (x — e^y) = Ncj — 



3 

3 



■j 

3 



3 
3 



Here we have £ = e 27T1 / N > e — e^ l / N , x as well as y are from Lemma \6.1\ and 2 (z) as in Equation 



Proof: See [Ho] and [Ya]. □ 

Now, we can construct modular forms with special zeros. 
Lemma 6.3. For j = 0, . . . , N — 1 we define 

(6.3.1) f% := 

(6.3.2) /£* := { -^P^9 2 

(6-3.3) / c r « := {X -*J V)N P, 

where ( = e 2 * l l N and e = e"/". 

These all are modular forms for of weight 2 and 

div/^=JV%-, 
where ij 6 {a,j,bj,Cj} stands for a cusp o/Tn (see Lemma \5.'il\) . 

Proof: Follows easily from Lemma 16.21 □ 
By regarding the product of g-expansions in several cusps, we recover modular forms for T(2): 



Lemma 6.4. We build products for the modular forms from Lemma \6.3\ under the action of the 
slash operator. Thereby, we get only three different results. They are for all j € {0, 1, . . . , N — 1} 



(6-4.1) I] #l.7(*) = i-l) N2 e 2N \z) (j^L) 

7 er JV \r(2) v { )J 

(6.4.2) [] / fc r "l 2 7W = (-l) Ar2 2A ' 2 W 

7erjv\r(2) 

/ i x N 2 

(6A3) [] fcf\M = e 2N \z)( T ^- } 



7Gr N \r(2) 



X(z) 
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Proof: We have to apply all matrices from (|5.5.ip to the /j. . 

The transformational behavior of the form 9 2 is known since 8 2 £ M2(T(2)). The behavior of 
x and y is (according to |Ya| ) 

y\oix = C l y y|o7 2 = v- 

With this information direct calculations yield the claim. □ 



7. KRONECKER LIMIT FORMULAS FOR FERMAT CURVES 

We want to establish Kronecker limit formulas for the group Tjq. From Proposition 13.41 we 
know that the modular forms introduced in Lemma 16.31 are suitable. Missing is the constant A 
that occurs in Proposition 13.41 

To calculate that constant, we will use the following trick: The constant A can be calculated by 
comparing Fourier expansions. Since the constant is independent of the cusp in which the Fourier 
expansion is taken, we may add several expansions and get a multiple of A. By such a procedure 
we can obtain A because a suitable sum of expansions leads to known formulas. 

Lemma 7.1. Let Tjv C r(2) be the subgroup associated to the N-th Fermat curve, Sj a cusp of 
Tpf and fJ N the modular form for the cusp Sj according to Lemma 1 6. 3\ It holds: 

1 



( ? - L1 ) E ^^(7*.«) vo i(T N )( s -i) 

7 er JV \r(2) v v iVA ' 

~ 4* E l0 S\\ff N lo7MH 2 + 4 - log(47r) + 1 + 1 log(2) - 1 log(A0) 

Proof: The left hand side of Equation (|7.1.1[) had been calculated in Corollarv l2.12l 
4.1ml (e^( Z ,s) - vom2 ] ){s _ 1} ) - 21og(iV) 
For the right hand side we realize that 

e iogiijfi7«n 2 =iogii n fi"\M*)\\ 2 ' 

7 erjv\r(2) 7 er„\r(2) 

Then we use Lemma [6.41 to see that the sum yields jV 2 log ||Gj(z)|| 2 (the form Gj is one from 
equations (|4.0.4|1 to (|4.0.6p ). Therefore we get the claim by comparing the formulas here with the 
Kronecker limit formula for T(2) (Equation (|4.1.ip ). □ 

From the sum formula (|7.1.ip we derive individual Kronecker limit formulas. 

Theorem 7.2 (Kronecker limit formula for Tn). Let Sj be a cusp ofT^, the subgroup associated 
to the N-th Fermat curve (see Lemma \5.3\) . and let fJ N £ M2(Tn) be the corresponding modular 
form defined in Lemma \6.S\ We have 

(7.2.1) 47rlim [E^ N (z,s" ' 



►l 



vol(T N )(s-l) 



- ^ 1^ Wff N (*)ll 2 + ^2 (f^y - lo g( 4 -) + 1 + 1 lQ g( 2 ) - \ *m 

Proof: From Proposition 13 .41 follows . that there is an identity 

- vol { T N )(s-l) ) = -^ l °^ N ^ 2+A > 

where A is a constant. Then Remark 13.51 explains that A is -^j times the constant that occurs in 
Lemma 17.11 □ 
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8. Scattering constants 

If we take the Fourier expansions in Equation 17.2.11 and compare coefficients, we can get the 
scattering constants for T^. We only know the Fourier expansion for /• N in the cusp oo. But 
because of symmetries of the Fermat curve, this is sufficient to get all scattering constants. 

Theorem 8.1. The scattering constants for T jv , the subgroup associated to the N-th Fermat curve, 
are: 

If both cusps are the same, then 

(8.1.1) C*/ = (<7 r « - i ((UN + 2) log(2) + (-3N + 6) log(N)) 

If Sj ^ S k and (3 N (Sj) ^ f3 N (S k ), then 



.1.2) Cl? = 



^(V«-I(21og(2) + 61og(iv))) 



If Sj ^ Si but f3 N (Sj) = (3 N (Si), then 

(8.1.3) Cj» = f C r « - - f21og(2) + 61og(JV) + 37V log |l - fc* 



The number — C, l N (Cat) * s given by the N-th roots of unity which determine the cusps Si 
and Sj in Lemma \5.2\ 

Proof: In the case that the second cusp Sj = oo we get the scattering constants via comparison 
of the first coefficients in the realizations of Equation (|7.2.ip . We expand both sides of (|7.2.1D in 
oo and calculate the constant term: 

The constant term of the Eisenstein series at s = 1 is (see Equation (|2.9.ip ) 

^+ 4 ^-^log (y) . 

On the other side of Equation ([7.2. 1[) we need the constant term of the g-expansion of f^ N . We 
get the constant term if we look at the g-expansions of 8 2 , A as well as 1 — A and calculate their 
roots. The result is 

f 2 log(y) - 2Nny + JV(log(16) - log(JV)) if Sj = c 
constant term (log 1 1 ff N 1 1 2 ) = } 2 log(y) + log |1 - {%\ if Sj = c 3 

l21og(y) if Sj € {aj,bj}, 



where the names of the cusps come from Equation (|5.2.2[) . The root £ J in the second case is 
determined by the cusp Cj = (efL : 1 : 0) (j € {1, . . . , N — 1}). 

By taking the constant from Theorem 1721 and the difference Cj™ = C T ^ + log (2 N) into 
account, we derive all formulas from the statement. 

Now, all that remains to be chown is that these formulas generalize to arbitrary second cusp. 

Via the definition of Eisenstein series it is easy to show that for 7 £ T(l) 

holds. Since Tn <r(l), we have Tn = 7 r"jv7 and derive 

~ 7(i),7«' 

Therefore, to get all scattering constants we have to find elements of T(l) that map 00 to all 
cusps and to find out to where these matrices move the second cusp. 
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The conjugation with S = ( _°i J ) (to get 0) or TS = ( J \ ) ( \ \ ) (to get 1) give (for even j, I 
and odd k in the range 1,2, ... , 2 AT) 

°l/i,oo — L/ 2W-J,0 ^l/Loo ~ L/ 2Ar-;+l,l 
°i,°o - °l/(2Ar-j),0 °j,oo - 

°fc,oo ~~ °2JV-fc,0 °fc,oo — Ly 2JV-fe+l,l- 



(To see this we use 





-I r 


- 2N — I 


via 






-1/3' 


-r N V(2JV-j) 


via 






-1/k r 


- r 2iV - fc 

r JV 


via 


7 ( 2 iV +fe - 1 ) /2(727rl)(fe _ 1)/27 ( 1 - fc )/ 2 


u 


1)1 3 ' 


-r 1/3 

r JV ' J 


via 




(k 


-l)/kr 


- r 27V-fc+l 


via 


7 (a^-k+i)/a (*-i)/a/ _ix(i-*)/2 



to identify the cusps.) 

Hence, all scattering constants for 0, 1 or oo as second cusp are known. 

With 71 in the cases as well as 1 and 72 in the case of 00 we generalize to all cusps. (In 
the only cases we really need, i.e. the ones where both cusps involved are equivalent under T(2), 
there occur no further difficulties when we try to identify the resulting cusps in the system of 
representatives . ) 

Thereby, we will find the formulas from the statement when we use the correspondence of cusps 
in Proposition 15.61 and realize that |1 — ( 3 N \ — |1 — C/v ^1- D 

Remark 8.2. There is an alternative method to determine the scattering constants for the Fermat 
curves by means of Arakelov theory. U. Kulm [KuJ showed how scattering constants give arithmetic 
intersection numbers in the infinite places. Together with the intersection numbers in the finite 
places that Ch. Curilla |Cu| calculated in his PhD-thesis, we could get the scattering constants 
without using Kronecker limit formulas and the symmetries of the Fermat curves by studying 
arithmetic intersection numbers in the cusps. 



Remark 8.3. We can approximate scattering constants for the Fermat curves numerically. The 
means for that has been developed by the author in her Diplomarbeit [ Pol] and her Dissertation 
[Po2j. For some small N, the structure of the scattering matrix, i.e. the symmetries, and the 
values of the scattering constants were replicated numerically. 
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